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D KNOWLEDGE RECAP: ORDINARY DIFFERENTIAL EQUA-
TIONS (ODE)

ODEs are equations that involve ordinary derivatives. This recap section
is made to be example-based such that the reader can quickly recall the
techniques they have learned.

The 1st example

— = cos(t)
Y

This is perhaps the most straight forward one to solve, we can easily get:
x =sin(t)+ C, Cisa constant.

Of course if you are dealing with:

dx
=0
dy

then,

x = C, Cisaconstant.
The 2nd example

X ) 5
L sin(t) +

To find x(t), we first integrate both sides of the equation:

d
Jd—: dt= Jsin(t) +t2dt

We can also discover x(t) by straight forward computation of the indefinite
integral:

3
x:—cos(t)+?+C

C is a constant, although from the differentiation’s point of view, a constant
is not interesting at all but in many application scenarios we still would like
to know the constant. We need initial conditions, for instance x(ty) = K.
Then,

t t
J ng:J’ sin T+t2dT
to dT to

We may find:
t3 t3
x(t) = —cos t—i—g + cos to—go +K
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The 3rd example

dx(t)
dt

We can find x(t) by separating variables to two sides of the equation and
integrate both sides.

=mx(t)+n, withm#0.

We completed the separation and now we integrate both sides to find x(t),

Jﬁdx:J1dt

1
n—lloglmx(t) +n|+C =t+C,

Imx(t) +n| = eMtemCrmC

mC,—mCy
x(t) = et - =
m m
x(t) = Cemt — =
m
The 4th example
dx P
—~4x(t) =t
1 Tt

We see that there is already a separation of variables, we attempt to integrate
both sides,

dt

The right part of the equation is easily approachable but the left part of
the equation looks terrible! When we recall the Lebniz product rule for
derivatives:

J%+x(t)dtzjt2 dt

dxy dx dx
TR TLAR R Oy

If there is a function y(t) such that:

Then we could utilize this property of y(t) and multiply it to both sides of
our ODE, such that on the left hand side of the equation we may construct
the right hand side of the product rule:

dxy dx dvy P
L=yt t)— =y(t)t
it th()+X()dt v(t)
Luckily, we have such a y(t):
dy

t) —et = — L
Y(t)=e it
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Thus, our ODE becomes:

dx

t t ty2
e — +x(t)e =et
dt+()

We integrate both sides now:

d
Jetd—: +x(t)etdt = Jettz dt

Using the Lebniz product rule for the left hand side and utilize the integra-
tion by parts formula

[xoy'w ac=xtvyw - | ¥y at
to the right hand side (twice), we will come to:
etx(t) = et (t? =2t +2)+ C, where C is a constant.
Then we find:

x(t)=t?—2t+2+Cet

The 5th example

d?x dx
22— +3— t) =t
dt? * dt +x(t)

We again make use of use the exponential function e but now with a
constant factor A on the exponent, such that:

d At o 40 A anat
dte = Ae dtne =A"e

We assume x(t) = e’t, put this in to the original ODE, we obtain the homo-
geneous part:
A% L 3peM f et =0

The characteristic equation is the quadratic polynomial:
207 4+320+1=0

The roots are:
AM=-1, A =-05

Thus the general solution is:
xn(t) = Cre t+ Cre 03t

To find the particular solution, we try x,(t) is of the form at +b. Putting
this into the original ODE yields:

2-0+3a+at+b=t

Then we find:

Thus the particular solution:
xp(t)=t—3
The solution is the sum of xy,(t) and xp (t):

X(t) = xn(t) +xp(t) = Cre t + Cre 3t +1 -3



