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POLES AND ZEROS

2

This fundamental theorem of algebra enables us to 
obtain a unique decomposition of a irreducible 
rational polynomial transfer function.

These guarantees: the poles and zeros are either real or 
in complex conjugate pairs.

𝑵𝒖𝒎𝒆𝒓𝒂𝒕𝒐𝒓

𝑫𝒆𝒏𝒐𝒎𝒊𝒏𝒂𝒕𝒐𝒓



TRANSFER FUNCTIONS
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• Transfer functions can be written as:

• Or as:

• Which is the same as:
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All coefficients 𝑎𝑛 and 𝑏𝑚 are real.

DC Gain



AN EXAMPLE
Input: x, Output: y, 
Assume 0 initial conditions.
Given an ODE:

d2y

dt2
+ 2

dy

d𝑡
− 8𝑦 = 3

dx

d𝑡
+ 1x

We do the Laplace transform:

𝑠2𝑌 + 2𝑠𝑌 − 8𝑌 = 3𝑠𝑋 + 1𝑋

Define transfer function H:

𝐻 𝑠 =
𝑌(𝑠)

𝑋(𝑠)
=

3𝑠 + 1

𝑠2 + 2𝑠 − 8
= 3

𝑠 +
1
3

(𝑠 + 4)(𝑠 − 2)
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IDENTIFYING POLES AND ZEROS

𝐻 𝑠 =
𝑌(𝑠)

𝑋(𝑠)
=
1

3

𝑠 +
1
3

(𝑠 + 4)(𝑠 − 2)

According to the definitions:

Obviously, when s = -4 or 2 (POLE), we have 𝐻 𝑠 → ∞

Obviously, when s = −
1

3
(ZERO), we have 𝐻 𝑠 → 0
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Gain 𝐾
1

3

Zeros 𝑧 −
1

3

Poles 𝑝 −4,+2



DRAWING POLES AND ZEROS 
IN THE COMPLEX PLANE
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Components Values

Gain 𝐾
1

3

We don’t draw this 
here.

Zeros s = 𝑧 −
1

3
X
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ADDITIONAL PROPERTY OF 
POLES AND ZEROS

7

We are modelling causal linear systems in the real world.



ADDITIONAL PROPERTY OF 
POLES AND ZEROS
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We are modelling causal linear systems in the real world.

This simple sentence tells us a lot!



ADDITIONAL PROPERTY OF 
POLES AND ZEROS
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We are modelling causal linear systems in the real world.

Number of zeros never 

more than number of poles

The system can be 

modeled by a linear 

inhomogeneous ODE

All coefficients are real

The poles and zeros with non-zero imaginary components always 

comes in conjugate pairs.

For all poles and zeros, if there exist a pole/zero 𝜎 + 𝑗𝜔 with 𝜔 ≠ 0, there 

must exist another pole/zero which is 𝜎 − 𝑗𝜔 with 𝜔 ≠ 0 (the complex 

conjugate).



CONTINUING OUR EXAMPLE

𝐻 𝑠 =
𝑌(𝑠)

𝑋(𝑠)
=

3𝑠 + 1

𝑠2 + 2𝑠 − 8
= 3

𝑠 +
1
3

(𝑠 + 4)(𝑠 − 2)

𝐻 𝑠 =

11
6

(𝑠 + 4)
+

7
6

(𝑠 − 2)

Inverse Laplace transform:

h 𝑡 =
1

6
(11𝑒−4𝑡 + 7𝑒2𝑡)
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TRANSFORM -> DECOMPOSE

What did we just do?

The process function h(t) can be decomposed to the 

summation of linearly independent exponentials: 𝐶𝑒𝜆𝑡

In fact, with Laplace transform, we can decompose any 
linear system into linearly independent exponentials:

ℎ 𝑡 =෍𝐶𝑒𝜆𝑡
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POLES ARE CRUCIAL

What did we just do?

The process function h(t) can be decomposed to the 

summation of linearly independent exponentials: 𝐶𝑒𝜆𝑡

In fact, with Laplace transform, we can decompose any 
linear system into linearly independent exponentials:

ℎ 𝑡 =෍𝐶𝑒𝜆𝑡

𝝀 correspond to the poles of the transfer function.
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POLES ARE CRUCIAL

𝝀 correspond to the poles of the transfer function. So,

ℎ 𝑡 =෍𝐶𝑒𝜆𝑡 =෍𝐶𝑒𝜎𝑡𝑒𝑗𝜔𝑡

𝝈 - determines the decay(if stable) of the output signal
𝝎 – determines the oscillation of the output signal

13



POLES ARE CRUCIAL –
RECALL EXAMPLE

𝐻 𝑠 =
𝑌(𝑠)

𝑋(𝑠)
=

3𝑠 + 1

𝑠2 + 2𝑠 − 8
= 3

𝑠 +
1
3

(𝑠 + 4)(𝑠 − 2)

𝐻 𝑠 =

11
6

(𝑠 + 4)
+

7
6

(𝑠 − 2)

Inverse Laplace transform:

h 𝑡 =
1

6
(11𝑒−4𝑡 + 7𝑒2𝑡)
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𝒑𝒐𝒍𝒆: −𝟒 𝒑𝒐𝒍𝒆: 𝟐



STABILITY

Is ℎ(𝑡) stable?

ℎ 𝑡 =
1

6
(11𝑒−4𝑡 + 7𝑒2𝑡)
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STABILITY

Is ℎ(𝑡) stable?

ℎ 𝑡 =
1

6
(11𝑒−4𝑡 + 7𝑒2𝑡)

Obviously not, if we look at ℎ(𝑡) as 𝑡 → ∞:

lim
𝑡→∞

1

6
(11𝑒−4𝑡 + 7𝑒2𝑡) = 0 +∞

So not stable!
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STABILITY CRITERIA

All poles should be in the open LHP of the s-plane.

𝐢𝐟𝐟 ∀ 𝐑𝐞(𝒑) < 𝟎, 𝐬𝐭𝐚𝐛𝐥𝐞!
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POLES AND ZEROS

All poles should be in the LHP of the s-plane.
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Poles and zeros: Why we care!
Why are the poles and zeros important?

1. The location of the poles indicates directly if 
a system is stable. Stability is always a major 
requirement for a controlled system.

2. The dynamic behaviour can be deduced 
AND specified by the location of the poles 
and zeros. This is always related to a FIRST 
or SECOND order system:

1. Time constant

2. For example: overshoot and settling time

19



Poles and zeros: Why we care!
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𝑠

(𝑠+5)(𝑠2+2𝑠+7 )
(Visualization in log scale)



SUMMARY

Transfer function:

𝐻 𝑠 =
𝑌(𝑠)

𝑋(𝑠)

Poles: 
𝑠 = 𝑝 such that 𝑋(𝑠 = 𝑝) = 0, where |𝐻(𝑠)| → ∞

Zeros: 
𝑠 = 𝑧 such that 𝑌(𝑠 = 𝑧) = 0 , where |𝐻(𝑠)| → 0

Stability criteria: 
all poles in the open LHP
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THE LAPLACE TRANSFORM OF A 
GENERAL PERIODIC FUNCTION

Define a general function 𝛾(𝑡) defined in one time period 𝑇:

𝛾 𝑡 = ቊ
𝑓 𝑡 , 0 < 𝑡 < 𝑇
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

We can write the periodic 𝑓(𝑡) as the delayed copies of 𝛾 𝑡 :
𝑓 𝑡 = 𝛾 𝑡 − 0𝑇 + 𝛾 𝑡 − 1𝑇 + 𝛾 𝑡 − 2𝑇 + 𝛾 𝑡 − 3𝑇 +⋯

Recall a single time shift in Laplace transform:
𝒇 𝒕 − 𝒂 ⇔ 𝒆−𝒂𝒔 ∙ 𝐅 𝒔

The Laplace transformed F(s):

𝐹 𝑠 = Γ 𝑠 ෍

𝑛= 0

∞

𝑒−𝑛𝑇𝑠

Because we have 𝑛, 𝑇 > 0 and e−1, 
we may utilize the geometric series:

𝐹 𝑠 =
1

1 − 𝑒−𝑠𝑇
Γ 𝑠

22



THE LAPLACE TRANSFORM OF 
A PERIODIC FUNCTION

𝐹 𝑠 =
1

1 − 𝑒−𝑠𝑇
Γ 𝑠

When we have a sampling frequency 𝜔0 =
1

𝑇
, 𝐹(𝑠) becomes:

𝐹 𝑠 =
1

1 − 𝑒
−
𝑠
𝜔0

Γ 𝑠

This periodic time shifting creates “a pole” in addition to the Γ 𝑠 ?!

As 
𝜔

𝜔0
→ 0 + 2𝑘𝜋, 𝑘 ∈ ℤ,   we may obtain the pole:

1

1 − 𝑒
−𝑗

𝜔
𝜔0

→
1

0
→ ∞
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HOMEWORK

Stage ONE exercises:
• Problem 1
• Problem 4

24



SELF-READING



Determination of the poles and zeros 
• Step 1: rewrite the transfer function in such a 

way that the coefficient of the highest power 
becomes 1 (both for zeros and poles!)
– Examples:
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Determination of the poles and zeros 
• Step 1: rewrite the transfer function in such a 

way that the coefficient of the highest power 
becomes 1 (both for zeros and poles!)
– Examples:
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Determination of the poles and zeros 
• Step 1: rewrite the transfer function in such a 

way that the coefficient of the highest power 
becomes 1 (both for zeros and poles!)
– Examples:
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Determination of the poles and zeros 
• Step 1: rewrite the transfer function in such a 

way that the coefficient of the highest power 
becomes 1 (both for zeros and poles!)
– Examples:
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Determination of the poles and zeros 
• Step 1: rewrite the transfer function in such a 

way that the coefficient of the highest power 
becomes 1 (both for zeros and poles!)
– Examples:
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Poles and zeros construction steps
• Step 1: rewrite the transfer function in such a way 

that the coefficient of the highest power becomes 1

31

• Step 2: rewrite the transfer function in its base 
parts – a constant, poles and zeros 
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Poles and zeros construction steps
• Step 1: rewrite the transfer function in such a way 

that the coefficient of the highest power becomes 1
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• Step 2: rewrite the transfer function in its base 
parts – a constant, poles and zeros 
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Sometimes the solution is complex 

→ results in two complex poles



Poles and zeros construction steps
• Step 1: rewrite the transfer function in such a way 

that the coefficient of the highest power becomes 1
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• Step 2: rewrite the transfer function in its base 
parts – a constant, poles and zeros 
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Poles and zeros construction steps
• Step 1: rewrite the transfer function in such a way 

that the coefficient of the highest power becomes 1

34

• Step 2: rewrite the transfer function in its base parts 
– a constant, poles and zeros 

• Step 3: draw the poles and zeros in the 
(complex) s-plane; the constant is mentioned 
separately as K



Poles and zeros example
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• Step 3: draw the poles and zeros in the 
(complex) s-plane; the constant is mentioned 
separately as K



Poles and zeros example
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for:
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Poles and zeros exercises
• Draw the poles and zeros in the s-plane for:

294
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◼ zero: -3/25

◼ poles: -1/4 and -2

◼ K = 25/4
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Poles and zeros exercises
• Draw the poles and zeros in the s-plane for:

86
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◼ zeros: -4/3

◼ poles: -2 and -4

◼ K = 3
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Poles and zeros exercises
• Draw the poles and zeros in the s-plane for:
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◼ zeros: -1/2

◼ poles: -2+2j 

and -2-2j

◼ K = 2
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Poles and zeros exercises
Draw in the s-plane the poles and zeros of the 
transfer function H(s) = X(s)/F(s) and:

All values at time = 0 are zero 

(so x”’(0)=x”(0)=0, etc.).
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Poles and zeros exercises
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• Draw the poles and zeros in the s-plane for:
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double pole

𝑠4 + 2𝑠3 + 2𝑠2 = 𝑠 + 1Laplace →



Poles and zeros exercises
Find the differential equation for:

Assume that the initial conditions are zero.

Input is x(t) and output is y(t).
43
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Poles and zeros exercises
Find the differential equation
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Poles and zeros exercises
Find the differential equation
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Poles and zeros exercises
Find the differential equation
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Poles and zeros exercises
Find the differential equation for:

Assume that the initial conditions are zero.

Input is x(t) and output is y(t).
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Poles and zeros exercise
Find the differential equation
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Poles and zeros exercise
Find the differential equation
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Poles and zeros exercise
Find the differential equation
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Poles and zeros exercise
Draw the poles and zeros in the s-plane for the 
combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:

)158(

2010
)(

22 ++

+
=

sss

s
sY

)5)(3(

2
10)(

2 ++

+
=

sss

s
sY

54

7.

)(10
)(

5)(15
)(

8
)(

2

2

tx
dt

tdx
ty

dt

tdy

dt

tyd
+=++

158

105
)(

2 ++

+
=

ss

s
sH

ttx 2)( =
2

2
)(

s
sX =



-3

-2

-1

0

1

2

3

4

-7 -6 -5 -4 -3 -2 -1 0 1re

K= 10 im

double pole

Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the 
combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Poles and zeros exercises
Draw the poles and zeros in the s-plane for the combination:
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Matlab commands
𝐻𝑠 =

(𝑠 + 7)

𝑠(𝑠 + 5)(𝑠 + 15)

Define a system:

You can use:

>> sys=zpk(-7,[0 -5 -15],1);

or

>> sys=tf([1 7],[1 20 75 0]);

Another option is

>> s=tf(‘s’);

>> sys= (s+7)/(s*(s+5)*(s+15));

Look at location of poles and zeros

>> pzmap(sys)

>> ltiview(sys)
62


