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Presentation outline

• Integral transform

• Laplace transform

• ROC of Laplace

• Properties of Laplace transform

• Inverse Laplace transform



INTEGRAL TRANSFORM

Why do we use integral transform?

Simplification

What does an integral transform do?

Mapping from one domain to another

Originates from:
Solving differential equations
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INTEGRAL TRANSFORM
Given a general integral transform 𝑻
A function 𝑓(𝑚) in 𝑚-domain
A target domain: 𝑛-domain
A transformation kernel: 𝑲(𝑚, 𝑛)

The general integral transform:

𝑳[𝑓 𝑛 ] = න

𝑎

𝑏

𝑓 𝑚 𝑲 𝑚, 𝑛 d𝑚

We have mapped our function 𝑓 from 𝑚 domain to 𝑛
domain using transformation 𝑻
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LAPLACE TRANSFORM
Laplace transform 𝑳
A function 𝑓(𝑡) in 𝑡-domain
A target domain: 𝑠-domain
A transformation kernel: 𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔

The Laplace transform:

𝑳[𝑓 𝑡 ] = න

−∞

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

We have mapped our function 𝑓 from 𝑡-domain to 𝑠-
domain using 𝑳 .

This is call bilateral Laplace transform.
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UNILATERAL 
LAPLACE TRANSFORM
Recall that we are only working with causal system!
So whatever before 𝑡 = 0 we do not care, we start from 0!

The unilateral Laplace transform:

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

A transformation kernel: 𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔
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UNILATERAL 
LAPLACE TRANSFORM
The unilateral Laplace transform:

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

A transformation kernel: 𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔

BUT WHY???
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CONVERGE !
CONVERGE !
CONVERGE !

We are integrating from 0 to ∞.
So 𝑓(𝑡)𝑲(𝑠, 𝑡) must converge for out integral to exist.

The unilateral Laplace transform:

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

A transformation kernel: 𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔
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REGION OF CONVERGENCE

We are integrating from 0 to ∞.
So 𝑓(𝑡)𝑲(𝑠, 𝑡) must converge for out 
integral to exist.
We look at 𝑓(𝑡) and 𝑲(𝑠, 𝑡)
separately, 𝑲(𝑠, 𝑡) first.

Assume: f(t) = 1

න

0

∞

𝑒−𝑠𝑡d𝑡 = න

0

∞

𝑒−(𝜎+𝑗𝜔)𝑡d𝑡 = න

0

∞

𝑒−𝜎𝑡𝑒−𝑗𝜔𝑡d𝑡

Remember from complex analysis:
|𝑒−𝑗𝜔𝑡| = 1

Then we only have:
𝑒−𝜎𝑡

To converge: 𝜎 > 0
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The unilateral Laplace transform:

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

A transformation kernel: 

𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔



REGION OF CONVERGENCE

Assume: s = 0 + j0

න

0

∞

𝑓 𝑡 d𝑡

Without our kernel, f(t) should converge.
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The unilateral Laplace transform:

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

A transformation kernel: 

𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔



REGION OF CONVERGENCE

Assume: s = 0 + j𝜔

න

0

∞

𝑓 𝑡 𝑒−𝑗𝜔𝑡d𝑡 , and |𝑒−𝑗𝜔𝑡| = 1

We are traversing through the complex plane now, but our 
ROC still relies on the properties of f(t).

Note! This is not Fourier transform!!!
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The unilateral Laplace transform:

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

A transformation kernel: 

𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔



REGION OF CONVERGENCE

Assume: s = 𝜎 + j𝜔

න

0

∞

𝑒−𝜎𝑡𝑓 𝑡 𝑒−𝑗𝜔𝑡d𝑡 , and |𝑒−𝑗𝜔𝑡| = 1

Finally, when 𝜎 > 0, we have an “envelop” 𝑒−𝜎𝑡 that make our 
transformation exist.
This gives us the desired properties of 𝑓(𝑡)
1. 𝑓(𝑡) should be integrable and defined for 0,∞
2. 𝑓(𝑡) grows slower than 𝑒−𝑠𝑡
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The unilateral Laplace transform:

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

A transformation kernel: 

𝑲 𝑡, 𝑠 = 𝑒−𝑠𝑡

Where  𝑠 = 𝜎 + 𝑗𝜔



REGION OF CONVERGENCE
THE “POLAR VIEW”
For any real number 𝒓 = 𝑎 Ԧ𝑥 + 𝑏 Ԧ𝑦, the polar form:

𝒓 = 𝒓 ∠r
For any complex number 𝒛 = 𝑎 + j𝑏, the polar form:

𝒛 = 𝑧 Ƹ𝑧,  Ƹ𝑧=𝑒j𝜃 , 𝜃 = Arg(𝑧)

For our 𝑓(𝑡)𝑲(𝑠, 𝑡) = 𝑓 𝑡 𝑒−(𝜎+j𝜔)𝑡:
We can obtain a polar representation: 

|𝑧|𝑒i𝜃

|𝑧| = 𝑒−𝜎𝑡𝑓(𝑡)
𝜃 = −𝜔𝑡

Putting them together:

𝑓(𝑡)𝑲(𝑠, 𝑡) = [𝑒−𝜎𝑡𝑓(𝑡)] 𝑒j(−𝜔𝑡)
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KERNEL OF LAPLACE
𝑲(𝑠, 𝑡) = 𝑓 𝑡 𝑒−(𝜎+j𝜔)𝑡

This is a very beautiful probing function for measuring our 
function f(t).

This probe gives us very nice analytical properties such that 
we can map many time domain signals into complex space.

In the meantime, this probe still carries enough information 
such that we can recover the real signal from complex 
plane. (Lerch’s theorem)

Laplace transform is ONE-TO-ONE (injective).
14

C
R

𝒅𝒆𝒕

𝒅𝒕
= 𝒆𝒕 !!!



CONVERGE !
CONVERGE !
CONVERGE !

Impatient guy from engineering department rushed to me:

“THESE ARE JUST MATHEMATICAL TRICKS! Mathematical 
rules and all! Does not make sense in practice!”

“How does these relate to application & real systems?”
“WHY should we care ????”

I say:

“Because of the physical meanings”

15



RECALL:
SYSTEMS: THE KEY TAKEOUT
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No matter how much we simplify,
we are working with physical systems.

The mathematical tools you see later,
are describing the characteristics of the physical system.

（最重要的是物理系统自身的特性！）

\reals



ACTUAL PHYSICAL SYSTEMS 
OF INFINITE ENERGY
DOES NOT EXIST!

Energy = Power over TIME.

𝑬 = න

0

∞

𝑷 d𝒕

As t-> ∞ , diverging power, infinite energy, impossible. 
If this is the governing equation, the system will break!

Unstable!

If you sit in the lecture room, 
you MUST agree that perpetual motion machine (永动机) does not exist.
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𝑓 𝑡 = 𝑒𝑎𝑡

Laplace transform:

F(s) = 𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡 d𝑡

= න

0

∞

𝑒𝑎𝑡𝑒−𝑠𝑡 d𝑡

= න

0

∞

𝑒(𝑎−𝑠)𝑡 d𝑡

Without getting the exact F(s), we can already infer where is 
the ROC:

𝑎 − 𝜎 < 0
Thus:

𝜎 > 𝑎

EXAMPLE 
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𝑓 𝑡 = 𝑒𝑎𝑡

Laplace transform:

F(s) = 𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡 d𝑡

= න

0

∞

𝑒𝑎𝑡𝑒−𝑠𝑡 d𝑡

= න

0

∞

𝑒(𝑎−𝑠)𝑡 d𝑡

The ROC:
𝑎 − 𝜎 < 0

Thus:
𝜎 > 𝑎

EXAMPLE 
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EXAMPLE 

𝑓 𝑡 = 𝑒𝑎𝑡

Laplace transform:

F(s) = 𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡 d𝑡

= න

0

∞

𝑒(𝑎−𝑠)𝑡 d𝑡

=
1

𝑎 − 𝑠
𝑒(𝑎−𝑠)𝑡 ቚ

𝑡=0

∞

= 0 −
1

𝑎 − 𝑠

=
1

𝑠 − 𝑎
20



LAPLACE TRANSFORM TABLE

21

1.  A1(t)      
s

A

2.  (t)1(t)      1

3.  t
n1(t)    

1

!
+ns

n

4.  eat1(t)      as

1

−  

5.  sin(t)1(t)
22 



+s

6.  cos(t)1(t)
22 +s

s



LAPLACE TRANSFORM TABLE

22

1.  A1(t)      
s

A

2.  (t)1(t)      1

3.  t
n1(t)    

1

!
+ns

n

4.  eat1(t)      as

1

−  

5.  sin(t)1(t)
22 



+s

6.  cos(t)1(t)
22 +s

s



INVERSE LAPLACE TRANSFORM

The time domain signal can be obtained from the 
frequency domain signal using inverse Laplace transform.

𝑓(t) = 𝑳−1 𝐹 𝑠 =
1

2𝜋j
න

𝜎−j∞

𝜎+j∞

𝐹(𝑠)𝑒𝑠𝑡 d𝑠

Without transform table, you can use Cauchy’s residue 
theorem for a contour integral with the closed contour of 
the integration as the region of convergence.

Luckily you will have the table in the formula sheet in the 
exam. 
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LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

LINEARITY
𝒂 ∙ 𝒇 𝒕 ⇔ 𝐚 ∙ 𝐅 𝐬

𝒇 𝒕 + 𝒈 𝒕 ⇔ 𝐅 𝐬 + 𝐆(𝐬)

𝒂 ∙ 𝒇 𝒕 + 𝒃 ∙ 𝒈 𝒕 ⇔ 𝐚 ∙ 𝐅 𝐬 + 𝐛 ∙ 𝐆(𝐬)
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LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

TIME SCALING

𝒇 𝒂𝒕 ⇔
𝟏

|𝒂|
∙ 𝐅

𝒔

𝒂
TIME SHIFTING

𝒇 𝒕 − 𝒂 ⇔ 𝒆−𝒂𝒔 ∙ 𝐅 𝒔

EXPONENTIAL SCALING (DAMPING)

𝒆−𝒂𝒕𝒇 𝒕 ⇔ 𝐅 𝒔 + 𝒂
25
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Damping (example)

6.  cos(t)1(t)
22 +s

s

4.  e
at1(t)   as

1

−

2. Damping   e
-atf(t)    F(s+a) 

 

What do we need to find the laplace transform of f(t)?

Laplace transform theorems:

Laplace transform table:

ℒ{𝑒−𝑎𝑡cos(𝜔𝑡)} =
(𝑠 + 𝑎)

(𝑠 + 𝑎)2+𝜔2



LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

DIFFERENTATION
𝑳 𝑓′ 𝑡 = 𝑠𝐹 𝑠 − 𝑓(0)

𝑳 𝑓′′ 𝑡 = 𝑠2𝐹 𝑠 − 𝑠𝑓 0 − 𝑓′(0)

General formula:

𝑳 𝑓(𝑘) 𝑡 =

𝑠𝑘𝐹 𝑠 − 𝑠𝑘−1𝑓 0 − 𝑠𝑘−2𝑓′ 0 …− 𝑠𝑓 𝑘−2 0 − 𝑓(𝑘−1)(0)
Differentiation in t-domain in becomes an operator in s-
domain.
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LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

INTEGRAL

𝑔(𝑡) = න
0

𝑡

𝑓 𝜏 d𝜏

With Laplace transform:

𝑮 𝑠 =
𝟏

𝒔
𝐅 𝑠

Integration in t-domain in becomes an operator in s-domain.
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LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

From CONVOLUTION to MULTIPLICATION

𝑓(𝑡) ∗ 𝑔(𝑡) = න
0

𝑡

𝑓 𝜏 𝑔 𝑡 − 𝜏 d𝜏

With Laplace transform:
𝒇(𝑡) ∗ 𝒈(𝑡) ⇔ 𝐅 𝑠 𝐆(𝑠)

Convolution in t-domain in becomes multiplication in s-domain.
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LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

INITIAL VALUE THEOREM
lim
𝑡→0

𝑓(𝑡) = lim
𝑠→∞

𝑠𝐹(𝑠)

Proof1:
𝑓 is causal & bounded such that lim

𝑡→0+
𝑓(𝑡) → α, we play with definition

𝐹 𝑠 = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡 = න

0

∞

𝑓
𝑡

𝑠
𝑒−𝑠

𝑡
𝑠d

𝑡

𝑠
= න

0

∞
1

𝑠
𝑓

𝑡

𝑠
𝑒−𝑡d𝑡

𝑠𝐹 𝑠 = න

0

∞

𝑓
𝑡

𝑠
𝑒−𝑡d𝑡

Based on Lebesgue’s dominated convergence theorem, we can have

lim
𝑠→∞

𝑠𝐹(𝑠) = න

0

∞

𝛼𝑒−𝑡d𝑡 = 𝛼 = lim
𝑡→0+

𝑓(𝑡)
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LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

INITIAL VALUE THEOREM
lim
𝑡→0

𝑓(𝑡) = lim
𝑠→∞

𝑠𝐹(𝑠)

Proof2:
𝑓 is causal & bounded such that lim

𝑡→0+
𝑓(𝑡) → α, we play with definition

𝐹 𝑠 = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡 = න

0

∞

𝑓
𝑡

𝑠
𝑒−𝑠

𝑡
𝑠d

𝑡

𝑠
= න

0

∞
1

𝑠
𝑓

𝑡

𝑠
𝑒−𝑡d𝑡

𝑠𝐹 𝑠 = න

0

∞

𝑓
𝑡

𝑠
𝑒−𝑡d𝑡

We select a δ ∈ R sufficiently close to 0 such that ׬𝛿
∞
𝑒−𝑡d𝑡 < 𝜖 that is arbitrarily  

small and lim
𝑠→∞

𝑓
𝑡

𝑠
= 𝛼 for 𝑡 ∈ (0, 𝛿], we may also conclude that:

lim
𝑠→∞

𝑠𝐹(𝑠) = න

0

∞

𝛼𝑒−𝑡d𝑡 = 𝛼 = lim
𝑡→0+

𝑓(𝑡)
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LAPLACE PROPERTIES

𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

FINAL VALUE THEOREM
lim
𝑡→∞

𝑓(𝑡) = lim
𝑠→0

𝑠𝐹(𝑠)

Proof:
𝑓 is continuously differentiable and bounded, and 𝑓’ is absolutely 
integrable. 
lim
𝑡→∞

𝑓(𝑡) exists and finite.

lim
𝑠→0

𝑠𝐹(𝑠) = lim
𝑠→0

𝐿[
d𝑓(𝑡)

d𝑡
] = lim

𝑠→0
න

0

∞
d𝑓(𝑡)

d𝑡
𝑒−𝑠𝑡d𝑡

As obviously lim
𝑠→0

𝑒−𝑠𝑡 = 1, we have:

lim
𝑠→0

න

0

∞
d𝑓(𝑡)

d𝑡
𝑒−𝑠𝑡d𝑡 = 𝑓 𝑡 ቚ

0

∞
= 𝑓 ∞ − 𝑓(0)
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LAPLACE PROPERTIES

We have seen the incredible symmetry between time domain 
and the frequency domain.

• Differentiation in one becomes multiplication in another.

• Exponential scaling in one domain becomes shifting in the 
other.
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WARNING
We do not allow the following expressions to appear:

Although Fourier transform and Laplace transform looks 
similar, whoever says that:

Fourier = Laplace when 𝒔 = 𝒋𝝎
or 

Laplace = Fourier when 𝒔 = 𝝈 + 𝒋𝝎

Is absolutely WRONG!!!
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WARNING
We do not allow the following expressions to appear:

Although Fourier transform and Laplace transform looks 
similar, whoever says that:

Fourier = Laplace when 𝒔 = 𝒋𝝎
or 

Laplace = Fourier when 𝒔 = 𝝈 + 𝒋𝝎

Is absolutely WRONG!!!

(But in practice this usually works.)
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Modelling example: RC low-pass filter

Differential Equation! -> Laplace transform!

𝑈𝑖𝑛(𝑡) = RC
d𝑈𝑜𝑢𝑡
d𝑡

+ 𝑈𝑜𝑢𝑡(𝑡)

𝑈𝑖𝑛(𝑠) = RC𝑠𝑈𝑜𝑢𝑡 + 𝑈𝑜𝑢𝑡(𝑠)

𝑈𝑖𝑛 = RC𝑠𝑈𝑜𝑢𝑡 + 𝑈𝑜𝑢𝑡

36

Uout
Uin



Modelling example: RC low-pass filter

Laplace transform! -> Transfer function!

OUTPUT = INPUT ∙ TF
⇒

TF = 
𝑂𝑈𝑇𝑃𝑈𝑇

𝐼𝑁𝑃𝑈𝑇

𝐻 𝑠 =
1

1 + 𝑅𝐶𝑠
37
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Modelling example: RC low-pass filter

Time domain solution? 

Inverse Laplace transform!

𝐻 𝑠 =
1

1 + 𝑅𝐶𝑠
𝑈𝑜𝑢𝑡(𝑠) = 𝐻 𝑠 𝑈𝑖𝑛(𝑠)

We assume 𝑈𝑖𝑛 =
1

𝑠
(Constant)

𝑈𝑜𝑢𝑡 𝑠 =
1

𝑠(1 + 𝑅𝐶𝑠) 38

Uout
Uin



Modelling example: RC low-pass filter

Inverse Laplace transform!

𝑈𝑜𝑢𝑡 𝑠 =
1

𝑠(1 + 𝑅𝐶𝑠)

Partial fraction decomposition:

𝑈𝑜𝑢𝑡 𝑠 =
𝐴

𝑠
+

𝐵

1 + 𝑅𝐶𝑠
𝐴 + (𝐴𝑅𝐶 + 𝐵)𝑠 = 1
𝐴 = 1, B = −𝑅𝐶

39
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Modelling example: RC low-pass filter

𝑈𝑜𝑢𝑡 𝑠 =
𝐴

𝑠
+

𝐵

1 + 𝑅𝐶𝑠

𝐴 + (𝐴𝑅𝐶 + 𝐵)𝑠 = 1

𝐴 = 1, B = −𝑅𝐶

𝑈𝑜𝑢𝑡 𝑠 =
1

𝑠
−

𝑅𝐶

1 + 𝑅𝐶𝑠
=
1

𝑠
−

1

1
𝑅𝐶

+ 𝑠

Inverse! Check transform table!

𝑈𝑜𝑢𝑡 𝑡 = 1 − 𝑒−
𝑡
𝑅𝐶

40
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Modelling example: RC low-pass filter

Circuit analysis! “The smart way”

41

Uout
Uin

Time - domain S-domain

Integration Multiplicative operator ‘
1

𝑠
’

Differentiation Multiplicative operator ‘s’



ELECTRICAL SYSTEMS –
RLC CIRCUITS

42

\reals

Voltage - Current
Impedance 

(Laplace transformed)

Resistor U 𝑡 = 𝐼 𝑡 𝑅 𝑅

Capacitor U 𝑡 =
1

𝐶
න
0

1

𝐼 𝜏 𝑑𝜏
1

𝐶𝑠

Inductor U 𝑡 = 𝐿
𝑑 𝐼(𝑡)

𝑑 𝑡
𝐿𝑠



Modelling example: RC low-pass filter

Circuit analysis! “The smart way”

43

Uout
Uin

Resistive components S-domain Impedance

Resistor R

Inductor Ls

Capacitor
1

𝐶𝑠



Modelling example: RC low-pass filter

Circuit analysis! 

Total resistance: 𝑅 +
1

𝐶𝑠
over Uin

Uout is the voltage over resistance 
1

𝐶𝑠
. 

Like a simple pure resistor circuit:

Uout

Uin

=

1
𝐶𝑠

𝑅 +
1
𝐶𝑠

=
1

1 + 𝑅𝐶𝑠
44
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Can you create a low-pass filter with a 
resistor and an inductor?

Try it yourself!

45



Modelling example: Mechanical system
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Write differential equation

𝐹(𝑡) = 𝑘න

0

𝑡

𝑣 𝜏 d𝜏 + 𝑏𝑣(𝑡) + 𝑚
d𝑣(𝑡)

d𝑡

Laplace transform

𝐹 𝑠 =
𝑘

𝑠
𝑉 𝑠 + 𝑏𝑉 𝑠 + 𝑚𝑠𝑉(𝑠)

F

x



Modelling example: Mechanical system

47

𝐹 𝑠 =
𝑘

𝑠
𝑉 𝑠 + 𝑏𝑉 𝑠 + 𝑚𝑠𝑉(𝑠)

Transfer function
𝑉(𝑠)

𝐹 𝑠
=

1

𝑘
𝑠
+ 𝑏 +𝑚𝑠

=
𝑠

𝑚𝑠2 + 𝑏𝑠 + 𝑘

F

x



MECHANICAL SYSTEMS –
TRANSLATING SYSTEM

48

\reals

Force - Velocity
Impedance 

(Laplace transformed)

Damper 
(Viscous friction)

𝐹 = 𝑏v 𝑏

Spring 𝐹 = 𝑘න

0

𝑡

𝑣 𝜏 d𝜏
𝑘

𝑠

Mass (Inertia) 𝐹 = 𝑚
d𝑣(𝑡)

d𝑡
𝑚𝑠



MECHANICAL SYSTEMS –
TRANSLATING SYSTEM

49

\reals

Force – Displacement
Impedance 

(Laplace transformed)

Damper 
(Viscous friction)

𝐹 = 𝑏
d𝑥(𝑡)

d𝑡
𝑏𝑠

Spring 𝐹 = 𝑘x 𝑘

Mass (Inertia) 𝐹 = 𝑚
d2𝑥(𝑡)

d𝑡2
𝑚𝑠2



SUMMARY
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𝑳[𝑓 𝑡 ] = න

0

∞

𝑓 𝑡 𝑒−𝑠𝑡d𝑡

Transform table

Region of convergence

Properties:

• Linearity

• Symmetry between t-domain and s-domain

• From differentiation and integral to operators in s-
domain

• Initial & final value theorem

We may use Laplace transform to conveniently solve ODE



SUMMARY
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The physics laws governs our systems’ performance

Analyze your system based on these physics laws

Eventually we can use ODE to describe our desired input 
and output

Laplace transform is a handy tool for analysis and finding 
solutions

\reals



HOMEWORK
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Read appendix A 
Knowledge Recap: Complex Analysis

You may skip the following contents:
• Italic contents on page 22
• Section A.D Why complex numbers?

They are fun but not essential to our course. But still, for those interested, it is 
highly recommended that you take a look.

Stage ONE exercise:
• Problem 4 (you can skip subquestion 4 and 5 for now, 5 

is possible to do, so give it a try)
• Problem 5
• Problem 6
• Problem 7

\reals


